This paper deals with a special class of nonlinear discrete design optimization problems which involve nonlinear separable objective functions and bilinear constraints. These constraints involve products of design and state variables in which the former are restricted to take discrete values Two special cases are identified for which advantage can be taken of the discrete nature of the design variables to reformulate these problems as MILP models which can be solved to global optimality. The computational expense can be reduced with SOS 1 sets and a simple solution strategy that is proposed. The application of the MILP reformulations is applied to multiproduct batch plant problems in chemical engineering and
INTRODUCTION
Many problems in engineering design give rise to nonconvex nonlinear programming (NLP) problems (e.g. see Floudas and Pardalos, 1990) . Furthermore, quite often due to manufacturing constraints, design variables are restricted to take discrete values for selecting standard sizes which gives rise to mixed-integer nonlinear programs (MINLP) (e.g. see Papalambros and Wilde, 1988; Grossmann, 1990 ). These problems in many cases have a continuous relaxation that corresponds to a nonconvex NLP. Due to the difficulty in solving these problems, many design models reported in the literature have assumed continuous sizes, and used ad-hoc rounding procedures. It is the purpose of this paper, to show that important classes of discrete design optimization problems that involve separable objective functions and bilinearities in the constraints, can in fact be reformulated as mixed-integer linear programs (MILP), and therefore solved rigorously to global optimality. This paper will be organized as follows. In Section 2 we will present basic NLP and MINLP formulations that arise in discrete design optimization problems. In Section 3 we will consider two special cases of bilinear constraints that arise in many design applications. We will show that advantage can be taken of the discrete nature of the design variables in order to reformulate these problems as MILP models. Section 4 will compare the proposed formulations with other linearization schemes and briefly discuss computational aspects. Sections 5, 6 and 7 will present the application of the reformulations to multiproduct batch plant problems in chemical engineering and to structural design problems in civil engineering. These problems have traditionally been formulated as continuous optimization problems, and thereby neglected the fact that in most practical applications only standard sizes are available. Finally, Section 8 will present some numerical results. However, the inherent difficulty is that due to possible nonconvexities in the nonlinear functions, these algorithms may not converge to the global optimum. The next section will show, however, that for special cases of the nonlinear constraints g(x,z) that involve bilinearities, problem (P3) can be reformulated as an MILP problem and solved to global optimality.
BASIC FORMULATIONS

MILP REFORMULATIONS FOR SPECIAL
CASES
Consider the two following particular cases for the nonlinear constraints g(x,z): a) Case 1: gy = ayxjvj -py < 0 , j€J(i), i=l..n
where v is a subvector of z T = [u,v] T and ay * 0,
where v and w are subvectors of z T = [u,v,w] T and ay * 0, py*O.
For simplicity we consider here the case of inequalities, although (4) and (5) could also involve equality constraints.
Case 1 is clearly a particular case of Case 2, but as will be shown below it leads to a simpler reformulation which is worth considering. Also, as will be shown later in the paper, Cases 1 and 2 arise in multiproduct batch design problems, while Case 2 arises in structural design problems.
For the MILP reformulation consider first the objective function C in (P3). By introducing the binary variables yj s as in (1) subject to the constraints in (3), then by defining
it is clear that C can be expressed by the linear combination where UxVxW = Z and q s is given by (6). Note that in this case the number of variables and constraints is larger than in the MINLP model (P3).
REMARKS
The proposed linearization of the bilinear constraints in 
while ( The issue of size in problem (R2) can be addressed in several ways. One is to generate cutting planes in the MILP in order to strengthen the LP relaxation (e.g. see Van Roy and Wolsey, 1987). The other one is to apply Benders decomposition so as to greatly reduce the size of the LP subproblems (see Sahinidis, 1990 ). In our experience, however, we have found that the greatest source of computational difficulty in the proposed MILP models (particularly in (R2)) lies in their tendency to predict small sizes in the relaxed LP creating many infeasible nodes in the branch and bound tree. To circumvent this problem we have devised a simple but rigorous solution strategy for fixing subsets of 0-1 variables in (Rl) and (R2) that consists of the following steps: Stepl. (Optional). Obtain an upper bound. The relaxed LP is solved to compute sizes xj R from (9) or (2). The MILP model is solved with binary variables yi s fixed to zero for which dj s <
x i •
Step 2. Predict valid lower bounds x* L for each size xj. In simple models these can be obtained analytically. In more complex models these can be obtained by maximizing (9) or minimizing (2)) with the relaxed LP model. Note that if step 1 is used, those Xi R with zero value yield valid lower bounds.
Step 3. Obtain the global optimum by solving the MELP model with binary variables y is fixed to zero for which di s < xj L , and with the upper bound obtained in step 1.
This procedure can obviously be made more effective if the MILP problems in steps 1 and 3 are solved with SOS1 sets.
• APPLICATION TO SIMPLE BATCH PROCESS DESIGN
In order to illustrate the application of the reformulation (Rl), consider the problem of sizing multiproduct batch plants with one unit per stage (see Fig. 1 ) and operating with single product campaigns (see Grossmann and Sargent, 1978) . In these plants it is assumed that each product requires all the processing stages in the same sequence. Note that the first set of constraints are now of the same form as equation (4) 
Further discussion on this model can be found in Ghattas and
Grossmann (1991).
APPLICATION TO COMPLEX BATCH PROCESS DESIGN
As a third application we will consider the optimal design of multipurpose batch plants with multiple production routes, a problem that has been considered recently by Faqir and Karimi (1990) .
As opposed to the problem considered in Section 5, in this problem we are given a number of stages with a number of potential units of identical type. Also, not all products require all production stages and therefore potential production routes are specified for each product as shown in Fig. 3 . Faqir and Karimi (1989) formulated this design problem as an MINLP problem which involves bilinearities in the constraints which cannot be transformed into a geometric programming problem. which then leads to -Vi9 r + SriTuq, < 0 ieEr, r=l,NR (25) which has exactly the same form as equation (5) for Case 2.
By setting the cost coefficients Ci s = 8i V^1, and by applying equations (12) and (13) s=l,N(i), ieE r , r=l,NR y is = {0,l} s=l,N(i), i=l,M where a simple choice of the upper bound 9 r is H, the total horizon time.
NUMERICAL RESULTS
Batch process design
Consider the problem by Voudouris and Grossmann (1991) of a multiproduct batch plant which produces five different products A,B,C,D and E. The plant consists of six stages involving one piece of equipment (see Fig. 1 ). The demands for the five products are: 250,000 tons per year for A, 150,000 tons per year for B, 180,000 tons per year for C, 160,000 tons per year for D and 120,000 tons per year for E. Size factors and cycle times are given for each product and the specified time horizon is 6000 hours. The equipment at any stage are available in 5 discrete sizes; namely 3000,3750,4500,5860 and 7325 liters. In this case the equipment cannot be removed from the process train and so the value of 0 liters is not allowed.
The problem can be formulated as the NLP (Bl) where the equipment volumes are relaxed to be continuous variables. The MINLP formulation of the problem was convexified with exponential transformations and solved using the Outer Approximation algorithm implemented in DICOPT (Kocis and Grossmann, 1989) . It involved 30 0-1 variables, 11 continuous variables and 43 constraints. For the NLP's the solver used was MINOS 5.2 whereas for the MILP's SCICONIC (1990) was used. The problem converged in 19.9 seconds in a VAX-6420: 2.3 seconds or 12% of the total time were required for the NLP subproblems and 17.6 seconds or 88% of the total time were required for the MILP master problems. The optimal solution obtained was [5860 , 3750 , 3750 , 5860 , 4500 , 4500] liters for the equipment in each stage and the capital investment required was $238,650.24.
By formulating the problem as the MILP in problem (RB), 30 0-1 variables, 5 continuous variables and 37 constraints were involved. Using SCICONIC on a VAX-6420, 3.1 seconds were required to solve the MILP problem to optimality; using ZOOM (Marsten, 1986) in the same computer required 23.2 seconds. The globally optimal solution found using the MILP formulation had a capital investment of $238,650.24 with equipment sizes [5860 , 3750 , 3750 , 5860, 4500 , 4500] liters. This solution is the same as the one obtained by the MINLP formulation. Note that the solution found by the NLP formulation followed by the rounding of the equipment sizes does not yield an optimal design as its capital investment is 7.2% higher than the global optimum solution. It is also worth noting that the CPU time required by the MILP formulation when solved with SCICONIC is only slighly higher than the CPU time required by the continuous NLP model when solved with MINOS.
Structural Design
Consider the 5 bar fan stress shown in Fig. 4 which is subject to one load of 100,000 lbs (Ghattas and Grossmann, 1991) . The modulus of elasticity is lxlO 7 psi, the density is 0.1 lb/in 3 for each bar and the maximum stress is 20,000psi in compression or tension. Also, for each bar 6 discrete sizes are assumed, [0, 2, 4, 6, 8, 10] 
Complex batch process design
Consider the design of a multipurpose batch plant with multiple production routes that is shown in Fig.3 (Faqir and Karimi, 1990) . Assume that this plant must produce four 
CONCLUSIONS
This paper has considered a special class of nonlinear discrete design optimization problems which involve nonlinear separable objective functions in the design variables and bilinear constraints that are given by products of design and state variables, where the former are restricted to take discrete values. Two special cases for the constraints were identified for which it was shown that the discrete nature of the design variables can be exploited to reformulate these problems as MILP models. The solution of these models can be expedited through the use of SOS1 sets, and with a simple solution strategy that relies on deriving valid lower bounds on the sizes. The application of the MILP reformulations was applied to multiproduct batch plant problems in chemical engineering and to structural design problems in civil engineering. These represent novel design optimization models that can explicitly handle discrete sizes, and therefore avoid the common heuristic rounding procedures for discrete nonlinear programming models. Numerical results have been presented which show that the proposed models not only produce global optimum solutions, but are computationally competitive when compared to nonlinear formulations with continuous sizes.
